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» Transformaciones de operadores: Si tenemos A un operador vy {|v;)} una base

ortonormal. Definimos A como el operador que en la base {|0;)} obtenida de aplicar
U a {|v;)} tiene los mismos elementos de matriz que el operador A en la base {|v;)}.

Det (0] Alo;) = (vi|Alv;)

(vi|UTAU |v;)

entonces UTAU = A o bien A = UAUT,
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podemos generalizar esto para ver que F(A) = F (*i)

= Si los eigenvectores de A son |¢,) los de A son

(f),,>. Los eigenvalores son los

mMismos.
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How can the eigenvectors of A be obtained from those of A7 Let us consider an

eigenvector |p,) of A, with an eigenvalue a:

Alpa) = alea) (31)
Let |@,) be the transform of |p,) by the operator U: |@,) = Ulp,). We then have:
Alga) = (UAUN)U|pa) = UA(UTU)|pa)
= UA|ga) = aUlpa)
= a|@a) (32)
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. dA . A(t+ At — At
Q-‘fﬁ\ AL ée'h"““’m q A, At
i’ v
dA dA dA
Let us call = (u; |—|u; ) the matrix elements of —. It is easy to verify the
dt dt dt
relation:
dA d
— =—A; 54
( dt > gAY (54)
A_&;A_t‘,;ﬁﬁc) -5 = AgE) —Aglt) 4 (4
) (V\‘ AbAe l I f_&‘;:_ At ~ dt A )
A‘M Yincal
5-b. Differentiation rules
They are analogous to the ones for ordinary functions:
dFF  dG
( +G)= T + a (55)
d dG -
T —(FG) = —G + FE (56)
Nevertheless, care must be taken not to modify the order of the operators in formula
(56).
Let us prove, for example, the second of these equations. The matrix elements of
FG are:
(ui| FGluy) = Z(u,-|F|uk) (ui|Gluy) (57)

k

We have seen that the matrix elements of d(F'G)/dt are the derivatives with respect to

t of those of (FG). Thus we have, taking the derivative of the right-hand side of (57):

(v

d dr da
(lt(FG) uj> = ; [(u.,- 3 wg) (ug| Glug) + (ui|[Flug) <u;, T ]>]
dFr dG .
—< ‘dfG+Fdf J‘> (08)

This equation is valid for any ¢ and j. Formula (56) is thus established.




5-c. Examples

Let us calculate the derivative of the operator e . By definition, we have:

o0 q
\t (At)"
n Z n!

n=0

Taking the derivative of the series term by term, we obtain:

ieAt _ e ntn—lAn
dt - n!

o0 Af n—1
g (n—1)!
i At)yn-1 )
_ lz %l A (60)

n=1

We recognize inside the brackets the series that defines e' (taking as the summation
index p =n — 1). The result is therefore:

d .

At _ Ae4t eAtA (61)
clt
In this simple case involving only one operator, it is unnecessary to pay attention to the
order of the factors: et and A commute.

This is not the case if one is interested in taking the derivative of an operator such

as edtePt. Applying (56) and (61), we obtain:

%(eA[eBt) — AeA[eBt +e.4t. BeBt (62)

The right-hand side of this equation can be transformed into et AeB! 4+ eA! BeBt or
e AeP! 4 e P! B, for example. However, we can never obtain (unless, of course, A
and B commute) an expression such as (A 4+ B)e?*eB?. In this case, the order of the
operators is therefore important.

Comment:

Even when the function involves only one operator, taking the derivative can-
not always be performed according to the rules valid for ordinary functions. For

d a0 -

example, when A(t) has an arbitrary time-dependence, the derivative —tc"(” 18
dA . . o

generally not equal to WCA“')‘ It can be seen by expanding e4*) in a power series

in A(t) that A(t) and % must commute for the equality to hold.
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